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This  paper d e s c r i b e s  t h e  des ign  of a c o n t r o l  system us ing  l inear -quadra t ic -  
regulator (LQR) c o n t r o l  l a w  t heo ry  f o r  t i m e  i n v a r i a n t  systems i n  conjunct ion  
wi th  an "incremental  g rad ien t "  procedure. The incremental  g r a d i e n t  technique 
is used to  reduce t h e  f u l l - s t a t e  feedback c o n t r o l l e r  design, genera ted  by t h e  
LQR algorithm, to a r e a l i z a b l e  c o n t r o l l e r  design. With a r e a l i z a b l e  c o n t r o l l e r ,  
t h e  feedback g a i n s  are based o n l y  on t h e  a v a i l a b l e  system ou tpu t s  i n s t e a d  of 
being based on t h e  f u l l - s t a t e  o u t p u t s  as wi th  t h e  LQR approach. The c o n t r o l l e r  
des ign  is f o r  a remotely p i l o t e d  r e sea rch  v e h i c l e  {RPRV) s t a b i l i t y  augmentation 
system. Included i n  t h e  des ign  are methods for accounting f o r  no i sy  measure- 
ments, d i s c r e t e  c o n t r o l s  wi th  zero-order-hold (ZOH) o u t p u t s ,  and computational 
de l ay  errors. R e s u l t s  from s imula t ion  s t u d i e s  of t h e  response of t h e  RPRV t o  
a s tep i n  t h e  e l e v a t o r  and frequency a n a l y s i s  techniques are inc luded  t o  i l l u s -  
t ra te  t h e  abnorma l i t i e s  and t h e i r  i n f luence  on t h e  f i n a l  c o n t r o l l e r  des ign .  
INTRODUCTION 
Th i s  paper d e s c r i b e s  t h e  use of l i nea r -quadra t i c  r e g u l a t o r  (LQR) t heo ry  
fo r  t i m e  i n v a r i a n t  systems to des ign  a s t a b i l i t y  augmentation system (SAS) 
f o r  a remotely p i l o t e d  r e sea rch  veh ic l e  (RPRV). Classical  c o n t r o l  theory  based 
des igns  f o r  t h i s  a i rcraf t  have had margina l  r e s u l t s ,  p a r t l y  because of t h e  
des ign  problem having m u l t i p l e  i n p u t s  and p a r t l y  because of t h e  c o n t r o l l e r  
having t o  be implemented wi th  a d i g i t a l  computer. Th i s  paper des igns  a SAS f o r  
an RPRV with a des ign  methodology t h a t  accounts  f o r  no i sy  measurements, discrete 
c o n t r o l s  with zero-order-hold (ZOH) o u t p u t s ,  and computational de l ay  errors. 
There has been cons ide rab le  a t t e n t i o n  i n  t h e  past  to t h e  u s e  o f  LQR theo ry  
f o r  t h e  design of c o n t r o l  systems. (See r e f s .  1 t o  3 . )  I n  gene ra l ,  t h e s e  
des igns  require t h e  f u l l  s ta te  to be measured or r econs t ruc t ed  from t h e  a v a i l -  
able  o u t p u t s  and used i n  t h e  c o n t r o l  system. Although it may be t h e o r e t i c a l l y  
p o s s i b l e  to o b t a i n  t h e  f u l l  state, more o f t e n  than not ,  as t h e  complexity of 
t h e  problem inc reases ,  t h e  a b i l i t y  t o  o b t a i n  t h e  f u l l  s ta te  becomes impossible; 
f o r  example, t h e  active c o n t r o l  f l u t t e r  models are of t h e  order of 1 0 0  s ta tes .  
Recently,  t h e r e  has been a methodology developed ( r e f .  4) t h a t  retains t h e  
g e n e r a l i t y  o f  q u a d r a t i c  o p t i m i z a t i o n  whi le  r e s u l t i n g  i n  a c o n t r o l  system t h a t  
is r e a l i z a b l e .  The term r e a l i z a b l e  is used he re  to mean a c o n t r o l  system t h a t  
employs feedback ga ins  o n l y  on t h e  a v a i l a b l e  outputs ,  i n s t e a d  of being based on 
t h e  f u l l  s tate as wi th  t h e  LQR approach. 
The des ign  process is d iv ided  i n t o  t w o  stages. The f i r s t  s tep is i d e n t i c a l  
with t h e  LQR procedure. The designer, i n  an i t e r a t i v e  process, a d j u s t s  t h e  cost 
func t ions  u n t i l  t h e  d e s i r e d  closed-loop c o n t r o l  system response is obta ined .  
Once t h i s  o b j e c t i v e  is achieved, t h e  des ign  is reduced to a r e a l i z a b l e  form wi th  
t h e  use of an " incrementa l  g rad ien t "  procedure. Th i s  procedure can be regarded 
as a two-point boundary-value problem i n  t h e  g a i n  s ta te  space, t h e  i n i t i a l  
cond i t ions  being t h e  LQR a lgor i thm g a i n s  and t h e  t e rmina l  cond i t ions  being 
t h e  desired c o n t r o l l e r  conf igu ra t ion ,  t h a t  is, wi th  g a i n s  on inaccess ib l e  
states equa l  to zero.  
SYMBOLS 
system mat r ix  
def ined  i n  equat ion  (AlO) 
dumny v a r i a b l e  
sensor output ,  normal a c c e l e r a t i o n  , g 
rigid-body system mat r ix  (eq. ( 4 ) )  
c o n t r o l  input  ma t r ix  (eq. ( 5 ) )  
c o n t r o l  response mat r ix  
s ta t i s t ica l  expec ta t ion  
def ined  i n  equat ion  ( A l l )  
c o n t r o l  i npu t  ma t r ix  
d i s tu rbance  inpu t  mat r ix  
state response mat r ix  
q u a d r a t i c  performance i n d i c e s  
state optimal feedback ga in  mat r ix  
def ined  by equat ion  (A18) 
ga ins  on s e l e c t e d  measurements 
ga ins  on e l imina ted  measurements 
measurement ma t r ix  
Lagrange m u l t i p l i e r s  
symnetr ic  weighting mat r ix  
def ined  i n  equat ion  (Al2)  
a i r c r a f t  p i t c h  rate, rad/sec 
9s sensor o u t p u t ,  q,  rad/sec 
R c o n t r o l  weighting mat r ix  
R1 response covar iance  mat r ix  
r1 design response vec tor  
r1 augmented design response vec tor  









X R B  
X 
a 
Laplace t ransform 
t i m e ,  sec 
matr ix  t r a c e  
c o n t r o l  input  vector  (eq. ( 2 ) )  
a i r c r a f t  p e r t u r b a t i o n  from s t eady- s t a t e  v e l o c i t y ,  m / s  
sensor o u t p u t ,  v ,  m / s  
s tate covariance mat r ix  
r i g i d  body state vec tor  (eq. ( 4 ) )  
system s ta te  vec tor  
g u s t  state 
z transform 
a i r c r a f t  p e r t u r b a t i o n  i n  angle  of  a t t a c k ,  rad 
sensor o u t p u t ,  ang le  of a t t a c k ,  rad  
canard p o s i t i o n ,  rad 
canard command, rad 
e l e v a t o r  pos i t i on ,  p o s i t i v e  for t r a i l i n g  edge down, rad 
e leva to r  anmuand, rad 
inboard f l a p  p o s i t i o n ,  rad 
inboard f l a p  command, rad 
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6fo outboard f l a p  p o s i t i o n ,  rad 
6 f 0 , C  outboard f lap  command, rad 
11 u n i t  va r i ance  whi te  no i se  vector 
111 ,112 elements of vec tor  
aircraft  p e r t u r b a t i o n  i n  p i t c h  angle ,  r ad  
sensor output ,  8,  rad 
scalar design parameter 
real part of eigenvalue 
time cons tan t  
phase angle ,  deg 
frequency of i npu t  s i g n a l  
sampling frequency, rad/sec 
D o t s  over symbols denote  d e r i v a t i v e s  with respect to t i m e .  
A primed symbol denotes  a t ranspose.  
PROBLEM STATEMENT 
The problem considered i n  this report c o n s i s t s  of t h e  design of a s t a b i l i t y  
augmentation system (SAS) for a 0.44-scale model of an advanced f i g h t e r  remotely 
piloted research  veh ic l e  (RPRV). The RPRV is launched from t h e  wing of a B-52 
a i r p l a n e ,  con t ro l l ed  from t h e  ground s t a t i o n  by a d i g i t a l  computer, and backed 
up by a chase a i r p l a n e  which is capable  of s a f e l y  r e tu rn ing  t h e  RPRV to base. 
This  advanced f i g h t e r  conf igu ra t ion  has  1 0  independent ly  c o n t r o l l e d  aerodynamic 
s u r f a c e s  which are grouped i n t o  5 l o n g i t u d i n a l  c o n t r o l s  ( t h a t  is, c o n t r o l s  t h a t  
produce motions i n  t h e  v e r t i c a l  p lane  of  t h e  a i r c r a f t )  and 5 l a te ra l  c o n t r o l s  
( t h a t  is, horizontal-motion-producing c o n t r o l s )  . Because of its aerodynamic 
des ign ,  t h e  veh ic l e  is l o n g i t u d i n a l l y  uns t ab le  f o r  a l a r g e  par t  of its subsonic  
f l i g h t  envelope. The purpose of t h i s  paper is to design a SAS t h a t  w i l l  sta- 
b i l i z e  the RPRV l o n g i t u d i n a l l y  and provide adequate f l y i n g  c h a r a c t e r i s t i c s .  
S ince  the  design methodology is t h e  same f o r  each f l i g h t  condi t ion ,  only the  
l o n g i t u d i n a l  equat ion of motion f o r  one f l i g h t  cond i t ion  is presented.  The 
c o n t r o l  m u s t  be implemented on a ground computer with sensor  information being 
rece ived  and c o n t r o l  commands being t r ansmi t t ed  a t  a ra te  of 50 Hz. This  s a m -  
p l i n g  rate is f i x e d  f o r  t he  problem and is not  considered a design va r i ab le .  
The time requi red  to r e c e i v e  t h e  data, to  c a l c u l a t e  t h e  command, and to  t r ans -  
m i t  t he  command to the  RPRV is approximately t h e  t i m e  o f  1 cycle; thus ,  a 
1-cycle de lay  (20  m s )  is assumed between r ece iv ing  t h e  sensor  s i g n a l  and 
t r ansmi t t i ng  the  c o n t r o l  command. For t h e  des ign  model, s enso r s  were assumed 
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to  have s u f f i c i e n t  bandwidth to permi t  them to be modeled wi th  a u n i t y  t r a n s f e r  
func t ion .  Sensor noise was modeled by shaping white  no ise  through a f i r s t -  
order low-pass f i l t e r .  
f l i g h t  records (ref. 5 )  , are given i n  table I. The use  of sensor  noise  
characteristics based on f l i g h t  data w a s  deemed more appropr i a t e  s i n c e  it 
inc ludes  t h e  e f f e c t s  of instrument  noise ,  aeroelastic e f f e c t s ,  tu rbulence  
e f f e c t s ,  engine v i b r a t i o n ,  etc., and would r ep resen t  t h e  worst-case s i t u a t i o n .  
Estimated sensor  noise  parameters, based on a i r c r a f t  
The design of t he  SAS for t h e  e n t i r e  f l i g h t  envelope r e q u i r e s  t h a t  t h e  
nonl inear  equat ions  of motion be l i n e a r i z e d  about  s e v e r a l  f l i g h t  cond i t ions ,  
the  design process app l i ed  a t  each of  t he  condi t ions ,  and some procedure be 
def ined  for changing t h e  c o n t r o l  system parameters as a func t ion  of t h e  f l i g h t  
cond it ion. 
The l i n e a r i z e d  equa t ions  of motion i n  t h e  l o n g i t u d i n a l  p lane  f o r  t h e  
r i g i d  body states of  t he  RPRV i n  l e v e l  f l i g h t  a t  an a l t i t u d e  of  30 480 km 
(10 000 f t )  and a Mach number of 0.9 are 
-0.0451 -67.62 -74.31 -105.4 
0 -2.498 0.987 -0.0008 
72.41 -3.803 0.0012 -0.0060 
0 0 1. 0 
- 
-0-889;1 Pe 1 7.579 -4.859 0.2274 
-0.3469 -0.1864 0.0092 -0.0341 
-85.36 -49.03 17.11 -11.80 
- 0  0 0 O J bf0J 
where v is t h e  p e r t u r b a t i o n  from the  s t eady- s t a t e  v e l o c i t y  i n  meters per  
second; a is the p e r t u r b a t i o n  i n  ang le  of a t t ack  i n  rad ians ;  q is t h e  pi tch 
rate i n  rad ians  per  second; 8 is the  pe r tu rba t ion  i n  p i t c h  angle  i n  radians;  
be ,  6 f i ,  6c, and 6fo are t h e  e l e v a t o r ,  inboard f l a p ,  canard,  and outboard 
f l a p  p o s i t i o n  i n  radians.  The f i f t h  l o n g i t u d i n a l  command, t he  speed brake, was 
omitted because of  its i n e f f e c t i v e n e s s ,  as compared w i t h  t h e  o t h e r  c o n t r o l s .  
The open-loop pole l o c a t i o n s  are shown i n  f i g u r e  I .  The c o n t r o l  a c t u a t o r s  are 
represented  by first-order 40-radian a c t u a t o r s  with u n i t y  s t a t i c  gain.  By com- 
b in ing  the  rigid-body s ta tes  wi th  t h e  actuator states,  t h e  basic RPRV equat ions  
of motion can be w r i t t e n  as 
12 = Mx ( 3 )  
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I I 
I n  these  equat ions ,  x is t h e  system s ta te  vec tor  wi th  t h e  fol lowing 
de f i n  i t i o n s  : 
x =  
Veloc i ty ,  m/s 
Angle of attack, rad 
P i t c h  rate, rad/sec 
P i t c h  angle ,  rad 
Actuator p o s i t i o n ,  rad 
A c t u a t o r  p o s i t i o n ,  rad 
Actuator  p o s i t i o n ,  rad 
Actuator p o s i t i o n ,  rad 
u is the  c o n t r o l  i npu t  vec tor  wi th  the  fo l lowing  d e f i n i t i o n s :  
Elevator  command, rad 
Flaps-inboard " n a n d ,  rad 
Canard command, rad 
Flaps-outboard command, rad 
and r 2  is t h e  measurement response vec tor  w i th  t h e  fo l lowing  d e f i n i t i o n s :  
Veloc i ty ,  m/s  
Angle o f  a t tack ,  rad 
P i t c h  ra te ,  rad/sec 
P i t c h  angle ,  rad 
Normal a c c e l e r a t i o n ,  g 
Actuator p o s i t i o n ,  rad 
Actuator  p o s i t i o n ,  rad 
A c t u a t o r  p o s i t i o n ,  rad 
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The system matrix A, the c o n t r o l  i n p u t  matrix G I ,  and measurement matrix M 
a re 
Matrix A 
1 -Column 2-co1Umn 3-COlUmn 4-COlumn 5-co1umn 6-COlumn 8-Column 
1 -ROW -0.45083-01 
 ROW .21423-04 









































































































































































A s  s ta ted p rev ious ly ,  t h e  c o n t r o l  system is to  be implemented wi th  a d i g i t a l  
computer. Two approaches to syn thes i z ing  t h e  discrete c o n t r o l  system to be used 
i n  t h e  computer can be taken: discrete d i g i t a l  s y n t h e s i s  or t h e  conversion 
of a continuous design. Although t h e  des ign  methodology has a direct  analogy 
for t h e  discrete equa t ions  and could  be used to  des ign  a discrete c o n t r o l l e r ,  
t h e  conversion o f  a continuous des ign  to a discrete c o n t r o l l e r  was used f o r  t h i s  
report . 
DESIGN RESPONSE SELECTION 
The cost f u n c t i o n  used i n  t h i s  des ign  w a s  formulated from t h e  rate of t h e  
implicit  m o d e l  fo l lowing  error response. I f  t h e  r ig id  body (subscript FU3) and 
the implicit model ( s u b s c r i p t  m) equa t ions  are given by 
7 
I -  
then the rate of residual can be defined as 
and is given by 
Assuming that the rigid body and model states are close together 
xm x~ 
yields 
The implicit model was chosen so that the short-period response had a critical 
damping ratio of 0.707 and a natural frequency of 3 rad/sec. The implicit 
phugoid model retained the RPRV's natural frequency (0 .15  rad/sec), but had an 
increased critical damping ratio of 0.7. These values can be compared with the 
open-loop pole locations in figure 1. 
The objective is to find an implicit model of similar form except that the 
roots of the characteristic equation result in these performance specifications. 
Extracting the short-period approximation from equation (1) (that is, assuming 
the velocity constant) and dropping the 0 equation yields 
(1 0) 
-2.498 [9, = [ 72.41 
If the elements of the & equation are assumed to be identical in both 
the model and vehicle, then the remaining terms of the model can be specified. 
This requires the solution of the following equation: 
8 
s + 2.498 -0.987 
-A1 s - A2 
= s2 + 2 ( 0 . 7 0 7 ) 3 ~  + 32 
Performing t h e  requi red  c a l c u l a t i o n s  f o r  A1 and A2 r e s u l t s  i n  t h e  fo l lowing  
shor t -per iod  implici t  model: 
-4.703 -1 0-g87]  745 [Im -2.498 [Im = [ 
A n  i d e n t i c a l  procedure can be used t o  c a l c u l a t e  t h e  phugoid implici t  model 
By using t h i s  i m p l i c i t  model f o r  t h e  shor t -per iod  and phugoid motion and enforc- 
ing t h e  kinematic  c o n s t r a i n t  t h a t  t he  p i t c h  ang le  0 
of the  p i t c h  ra te  q, it fo l lows  d i r e c t l y  from equat ion  ( 9 )  t h a t  t h e  des ign  
responses are 




77.11 -2.06 0 
DESIGN EXAMPLES 
Severa l  design models are presented  and d iscussed  to  i l l u s t r a t e  t h e  d i f -  
f e r e n t  c o n t r o l l e r  designs generated by each design model and to gain i n s i g h t  
as to  why t h e  form of the  f i n a l  design model w a s  chosen. The detai ls  of the  
methodology f o r  t h e  method used i n  t h i s  report are given i n  t h e  appendix. 
design process  begins wi th  t h e  basic a i r p l a n e  as descr ibed  by equat ions  (2) 
and (3)  augmented wi th  t h e  e l e v a t o r  being dr iven  wi th  f i l t e r e d  ze ro  mean 
Gaussian noise .  The e l e v a t o r  w a s  chosen f o r  t h e  i n j e c t i o n  of the  n o i s e  because 
it produced s u f f i c i e n t  root mean square ( r m s )  l e v e l s  on a l l  t h e  states. Expe- 
r i ence  has shown t h a t  i f  t he  i n j e c t e d  no i se  does not  e x c i t e  t h e  system s u f f i -  
c i e n t l y ,  t h e  incremental  g r a d i e n t  procedure may no t  converge. 
The 
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B a s i c  Design M o d e l  
I n  t h e  f u l l - s t a t e  feedback LQR s o l u t i o n ,  t h e  c h a r a c t e r i s t i c s  of t h e  noise  
process do n o t  a f f e c t  t h e  r e s u l t a n t  ga ins .  
feedback case, t h e  c a l c u l a t e d  ga ins  are dependent on these  c h a r a c t e r i s t i c s  
( t h a t  is, t h e  e igenvalues  of the shaping f i l t e r  wi th  respect to t h e  e igenvalues  
of t h e  open-loop system).  S ince  t h e  design o b j e c t i v e  of t h i s  c o n t r o l l e r  is a 
s t a b i l i t y  augmentation system, it is only  necessary  to place t h e  eigenvalues  
of t h e  noise f i l t e r  o u t s i d e  a circle which is cen te red  a t  t h e  o r i g i n  and which 
enc loses  t h e  e igenvalues  of the open-loop systems t h a t  are important.  An 
a d d i t i o n a l  c o n s t r a i n t  i n  so lv ing  t h e  R icca t i  equat ion  (eq. ( A 9 ) )  requires t h a t  
t h e  i n i t i a l  e igenvalues  be stable; t h e r e f o r e ,  t h e  l o c a t i o n  of  t h e  no i se  f i l t e r  
pole was chosen on t h e  nega t ive  real a x i s  a t  50 rad ians .  However, i f  t h e  design 
o b j e c t i v e  were g u s t  a l l e v i a t i o n ,  t h e  g u s t  f i l t e r  would be based on an approxi- 
mation of atmospheric turbulence.  The rms ou tpu t  of t h e  no i se  was a r b i t r a r i l y  
ad jus t ed  to  0.1 rad ian .  The s t r u c t u r e  of t h e  basic des ign  model is i l l u s t r a t e d  
i n  f i g u r e  2. 
However, i n  the reduced state 
By us ing  t h e  des ign  response as def ined  by equat ion  (14) with t h e  mat r ix  R 
(eq. (A16)) equal to t h e  i d e n t i t y  matr ix ,  f u l l - s t a t e  feedback ga ins  were calcu- 
lated for s e v e r a l  va lues  of p. These r e s u l t s  are presented  i n  f i g u r e  3.  The 
asymptot ic  behavior of t h e  roots approaching B u t t e r w o r t h  p a t t e r n s  is i l l u s t r a t e d  
as p approaches zero. For l a r g e  va lues  of p the cost func t ion  is equ iva len t  
to a cost func t ion  known as the  "minimum pseudo-energy." I t  is cha rac t e r i zed  
by r e f l e c t i n g  a l l  uns t ab le  e igenvalues  a b o u t  t h e  imaginary a x i s  while no t  dis-  
t u rb ing  t h e  stable e igenvalue  loca t ions .  For a va lue  of  p of  0.5 x 108, t h e  
uns t ab le  root a t  0.5 rad ian  has been rotated about  t h e  imaginary a x i s  and t h e  
damping of t h e  phugoid has been increased  to a c r i t i ca l  damping ra t io  o f  0.7. 
The f u l l - s t a t e  feedback g a i n s  are presented  i n  table  11. Since stable eigen- 
va lues  on t h e  real a x i s  y i e l d  s a t i s f a c t o r y  handl ing q u a l i t i e s  and s i n c e  weight- 
ing the c o n t r o l  tends  to minimize t h e  c o n t r o l  r m s  r equ i r ed  to s t a b i l i z e  t h e  
system, t h e  minimum pseudo-energy w a s  considered to be appropr ia te .  Also, 
l a r g e  va lues  are expected to r e s u l t  i n  smaller g a i n  values .  p 
An i n t e r e s t i n g  obse rva t ion  can  be made by not ing  t h a t  f o r  t h i s  va lue  of  
p ,  and i n  f a c t  f o r  any va lue  of p, i m p l i c i t  model fol lowing is not  achieved. 
Implicit  model fo l lowing  is never obta ined  because the  d i f f e r e n c e s  between t h e  
desired model and t h e  p l a n t  are l a r g e  enough to render  equat ion  (8) i nva l id .  
The fact to be noted is t h a t  a l though the  design d i d  no t  minimize the  cost a s  
it was a n t i c i p a t e d ,  t h e  c o n t r o l  l a w  produced w a s  good. 
By using this form of t h e  weighting mat r ix  and t h e  design model as  shown 
i n  f i g u r e  2 ,  t h e  incremented g r a d i e n t  procedure w a s  applied. The ou tpu t  feed- 
back ga ins  are shown i n  table I11 and the  closed-loop e igenvalues  can be 
compared wi th  t h e  open-loop e igenvalues  i n  f i g u r e  1 .  The uns tab le  root a t  
5 rad ians  has been r o t a t e d  about  t h e  imaginary a x i s  and t h e  damping of t he  
phugoid has  been increased  to  a cri t ical  damping ratio of  0.7. The response 
of t h e  closed-loop l i n e a r  system wi th  t h e  basic g a i n s  to a negat ive  0.1-radian 
- s t e p  i n  t h e  e l e v a t o r  command is i l l u s t r a t e d  by t h e  t i m e  h i s t o r y  of t h e  p i t c h  
rate and e l e v a t o r  p o s i t i o n  i n  f i g u r e  4 ( a ) .  
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The response of  t h e  system is t h a t  of a well-damped 8 command system. 
Th i s  is the  predicted r e s u l t  of t h e  response of t h e  l i n e a r  equat ions  of motion 
of an a i r c r a f t  to a step i n  t h e  e l e v a t o r ,  p i t c h  ang le  being feedback. This  
response may not  be t h e  one t h a t  is desired for t h e  a i r c r a f t ,  b u t  it is an 
acceptable response for a SAS. Contro l  l a w s  designed i n  a similar manner can 
be added to modify t h i s  c o n t r o l l e r  design f o r  o the r  c o n t r o l  t a s k s ,  such as 
p i t c h  rate command. The p i t c h  rate does n o t  r e t u r n  to  ze ro  because t h e  l i n e a r  
equat ions  were used i n  t h e  s imulat ion.  
F igure  4 r e p r e s e n t s  t h e  t i m e  h i s t o r y  of t h e  response of t h e  RPRV to a 
negat ive  step i n  t h e  e l e v a t o r  command, wi th  and without  s imula ted  no i se  being 
added to t h e  sensors .  The upper h a l f  o f  t h e  f i g u r e  r e p r e s e n t s  t h e  response of 
t h e  v e h i c l e  to t h e  step comnand with no noise  added to t h e  sensor  measurements, 
whereas t h e  lawer ha l f  is the response of t h e  v e h i c l e  wi th  no i se ,  modeled by 
f i r s t - o r d e r  law-pass f i l t e r s  wi th  t h e  parameter of table I, added to t h e  sen- 
sors. I n  t h e  lawer l e f t  quadrant ,  t h e  response of t h e  p i t c h  rate and e l e v a t o r  
p o s i t i o n  have been s i g n i f i c a n t l y  changed by t h e  a d d i t i o n  of no i se  to each of 
t h e  sensor  measurements. S ince  t h e  design model d id  no t  account for t h e  no i se  
on t h e  measurement, the  ga ins  t h a t  were obta ined  do nothing to a t t e n u a t e  t h e  
noise ;  t hus ,  t h e  response of  the aircraft  is undes i rab le  i n  a noisy environment. 
Design Model for N o i s e  
I n  order to overcome t h i s  undes i rab le  response,  or a t  least minimize the  
e f f e c t  of t h e  noise, t h e  design model w a s  augmented as  shown i n  f i g u r e  5. To 
each o f  the ou tpu t  s i g n a l s ,  f i l t e r e d  noise  w a s  added a t  an i n t e n s i t y  l e v e l  
equal  to the  c a l c u l a t e d  rms output  of t h e  assumed first-order f i l t e r  of t h e  
observed f l i g h t  records. The r e s u l t i n g  g a i n s  from t h e  des ign  process  are given 
i n  table IV.  Comparing these  ga ins  wi th  those  i n  table I11 ind ica t ed  an o v e r a l l  
reduct ion  i n  magnitude, w i t h  some g a i n s  being reduced g r e a t e r  than  o t h e r s .  I n  
p a r t i c u l a r ,  t he  ga in  of t h e  angle-of-attack sensor as has  been reduced s ig -  
n i f i c a n t l y .  This  was to be expected s i n c e  t h e  r m s  ou tpu t  of t h i s  sensor  was 
t h e  l a r g e s t .  The most s u r p r i s i n g  r e s u l t  was a s i g n  change on the  normal accel- 
e r a t i o n  a, ga ins .  There is no l o g i c a l  explana t ion  for this r e s u l t .  A plau- 
s ib l e  reason for this d i f f e r e n c e  could be i n  t h e  numerical accuracy of t he  
g r a d i e n t  a lgor i thm used i n  t h e  design procedure.  The e igenvalues  of t h e  closed- 
loop system can be compared w i t h  t h e  basic design i n  f i g u r e  1.  The major d i f -  
f e r ence  i n  t h e  roots is t h e  combining of t h e  a c t u a t o r  root with a short-per iod 
root to form an o s c i l l a t o r y  root wi th  a cr i t ical  damping ra t io  of 0.7 and a 
n a t u r a l  frequency of 30 rad/sec. This  is n o t  considered an  unreasonable demand 
on t h e  ac tua to r  s i n c e  it is w i t h i n  t h e  response of  t h e  open-loop ac tua to r .  The 
response of t h e  p i t c h  rate due to  a step response i n  t h e  e l e v a t o r  for t h i s  con- 
trol  design can be compared wi th  t h e  i d e n t i c a l  s imula t ion  wi th  t h e  ga ins  of 
table I1 i n  f i g u r e  4.  The major d i f f e r e n c e s  between t h e  closed-loop system 
responses are (1) t h e  apparent  short-per iod c r i t i ca l  damping ra t io  has  been 
decreased t o  about  0.7, and (2)  t h e  amount of no i se  t r a n s m i t t e d  by t h e  SAS h a s  
been reduced. 
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D i g i t a l  Implementation 
Implementing c o n t r o l  laws wi th  a d i g i t a l  computer r e q u i r e s  some form of 
The most widely used method is t h e  zero-order d ig i ta l - to-ana log  conversion.  
hold (ZOH). The degrading e f f e c t s  of  us ing  a ZOH are i l l u s t r a t e d  by a fre- 
quency response a n a l y s i s  i n  f i g u r e  6. 
e f f e c t s  of t h e  ZOH is t h e  added phase l a g  i n  t h e  l o w  frequency range. I n  
t h i s  f i g u r e  t h e  ga in  and phase c h a r a c t e r i s t i c s  of a ZOH wi thout  and wi th  dis-  
crete compensation are p l o t t e d  a g a i n s t  t h e  frequency of t h e  inpu t  s i g n a l  
d iv ided  by t h e  frequency of t h e  sampler. 
The gene ra l  na tu re  of t h e  degrading 
w 
Hartmann, Hauge, and Hendrick ( r e f .  6) have proposed us ing  t h e  phase lead 
compensator depicted i n  f i g u r e  6 to improve t h e s e  undes i r ab le  c h a r a c t e r i s t i c s  
of t h e  ZOH. I n  order to minimize these  c h a r a c t e r i s t i c s ,  t h i s  d i g i t a l  com- 
pensator  was implemented i n  t h e  c o n t r o l  design,  and a t i m e  h i s t o r y  a n a l y s i s  of 
t h e  closed-loop system w a s  performed. The t i m e  h i s t o r i e s  did n o t  i n d i c a t e  any 
change wi th  or wi thout  t h e  compensator being i n  t h e  loop. This  can be a t t r ib -  
u t ed  to good ga in  and phase margins t h a t  accompany f u l l  s ta te  LQR des ign  t h a t  
have c a r r i e d  over  to t h e  p a r t i a l  s tate design. 
I n  order to  i l l u s t r a t e  t h e  e f f e c t s  of t h e  compensator, a frequency a n a l y s i s  
was performed on t h e  cont inuous closed-loop system and t h e  discrete closed-loop 
system with and without  t h e  ZOH compensator i n  t h e  loop. The d i f f e r e n c e  between 
these  systems is shown i n  f i g u r e  7.  I n  f i g u r e  8, t h e  frequency response of t h e  
p i t c h  rate q due to t h e  system being e x c i t e d  wi th  t h e  e l e v a t o r  can be com- 
pared for t h e  system with t h e  basic ga ins  and t h e  system with t h e  ga ins  t h a t  
have been designed f o r  noisy measurements. F igure  9 compares t h e  closed-loop 
frequency response e f f e c t  of using t h e  discrete ZOH phase lead compensator. 
This  a n a l y s i s  i n d i c a t e d  t h a t  t h e  e f f e c t s  of t h e  ZOH on t h e  closed-loop 
system are compensated for with t h e  Z-domain t r a n s f e r  f u n c t i o n s  i n  f i g u r e  6 ,  
a l though these  e f f e c t s  are not  very s t rong.  I t  is worth not ing  t h a t  t h i s  
compensator f o r  t h e  ZOH has  one major disadvantage,  a pole i n  t h e  l e f t  ha l f  o f  
t h e  Z-plane which produces an o s c i l l a t i o n  wi th  a pe r iod  of twice t h e  sampling 
rate on t h e  output .  I n  t h i s  p a r t i c u l a r  u s e ,  t h e  o s c i l l a t i o n  d id  n o t  produce 
any undes i rab le  e f f e c t s ,  bu t  t h a t  is not  to say t h a t  it could be used satis- 
f a c t o r i l y  i n  a l l  cases. 
Design Model f o r  Delay 
The design model can be modified to account  f o r  t h e  l-cycle de lay  in t ro -  
duced by t h e  d i g i t a l  implementation by inc luding  a f i l t e r  r ep resen t ing  a Pad6 
approximation on t h e  ou tpu t  of each actuator. 
f i g u r e  10 wi th  f i r s t - o r d e r  func t ions  used to  r ep resen t  t h e  delay.  The design 
process  was repeated with s e v e r a l  d i f f e r e n t  order Pad6 approximations u n t i l  
t he  in t roduc t ion  of a higher  order de lay  model d i d  not  change t h e  r e s u l t i n g  
ga ins  from t h e  previous  design model. For t h i s  example, t h e  f i r s t - o r d e r  
approximation shown i n  f i g u r e  10 was s u f f i c i e n t  to  des ign  t h e  c o n t r o l  system. 
These ga ins  are presented  i n  table V. A frequency a n a l y s i s  of t h e  closed-loop 
system inc luding  a 1-cycle de lay  wi th  the  g a i n s  i n  tables I V  and V can be com- 
pared i n  f i g u r e  11. 
This des ign  model is shown i n  
As i n  t h e  prev ious  example, t h e  d i f f e r e n c e s  between t h e  
12 
t w o  systems is n o t  g r e a t ,  b u t  t hese  examples i l l u s t r a t e  methods for inc luding  
t h e  effects of t h e  d i g i t a l  de lay  i n  t h e  des ign  model. I n  doing so, t h e  r e s u l t -  
ing c o n t r o l l e r  can be made to compensate f o r  t h i s  delay.  I n  t h i s  example, t h e  
compensation r e s u l t e d  i n  a s h i f t  o f  t he  ampli tude ratio curve to t h e  l e f t ,  or 
to p u t  it another  way, t h e  system l o w  frequency ga in  was increased.  
CONCLUSIONS 
This  paper presented  a r e a l i z a b l e  optimal c o n t r o l  system des ign  for an RPRV 
from modern c o n t r o l  theory  design methodologies. The design methods for includ- 
ing noisy  measurements, discrete c o n t r o l l e r s  with zero-order-hold computat ional  
de lay  errors, and f o r  f i n d i n g  design responses  to achieve i m p l i c i t  model follow- 
ing have been presented  i n  a des ign  example for a remotely piloted re sea rch  
vehic le .  Some important conclus ions  and results of t h i s  s tudy  are 
1. The r e s u l t s  of modern c o n t r o l  theory  des ign  can be used to o b t a i n  
r e a l i z a b l e  c o n t r o l l e r  designs.  
2. The e f f e c t s  of undes i rab le  e f f e c t s  ( i .e. ,  no isy  measurements, etc.) can 
be accounted for i n  t h e  design model. 
3. The robus tness  of LQR des igns ,  i n  t h i s  example, was carried over  i n t o  
the  r e a l i z a b l e  design.  
4 .  An accep tab le  system w a s  ob ta ined  al though model fol lowing w a s  no t  
ach i eved . 
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The theory  and numerical  techniques used i n  t h e  des ign  procedure are doc- 
umented i n  r e fe rences  7 to 9 and, t he re fo re ,  w i l l  on ly  be summarized here.  
Given t h e  t i m e  i n v a r i a n t  l i n e a r  system 
where x is t h e  system state vec tor  ( inc lud ing  rigid-body states, actuator and 
se rvo  states,  sensor  states,  model fol lowing states,  and wind s t a t e s ) ,  u is 
t h e  c o n t r o l  i npu t  vec tor ,  and rl is a u n i t - i n t e n s i t y  whi te  no ise  vec tor .  The 
design response vector  r1  
t h a t  when t h e  squares of t h e  elements are minimized, t h e  d e s i r e d  performance of 
t h e  system is obtained.  The states, or l i n e a r  combinations of t h e  states,  of 
t h e  system which can be measured and are to  be used i n  t h e  f i n a l  c o n t r o l  system 
design are t h e  elements of t h e  measurement response vec tor  
methodology has t w o  s t ages .  I n i t i a l l y ,  a s t a b i l i z i n g  c o n t r o l  l a w  of t h e  form 
is a vector  of e lements  t h a t  have been chosen so 
r2 .  The design 
u = K x  (A41 
is found which minimized t h e  performance index 
where E is t h e  s ta t i s t ica l  expec ta t ion  and Q is a symmetric weighting 
matr ix .  The mat r ix  R1 is t h e  asymptot ic  response covar iance  mat r ix ,  def ined  
as 
where X is the  asymptotic state covariance matr ix .  The closed-loop asymp 
tot ic  state covariance mat r ix  is t h e  s o l u t i o n  to 
(A + G1K)X + X ( A  + G1K) ' + G2G2' = 0 (A7 1 
14 
APPENDIX 
The f u l l - s t a t e  feedback g a i n  matrix K is found by appending t h i s  covar iance  
equat ion  to J by a Lagrange m u l t i p l i e r  ma t r ix  P and so lv ing  f o r  t h e  optimal 
(K,P ,X)  set  which minimizes t h e  augmented cost func t ion .  The r e s u l t i n g  optimal 
ga ins  K are 
K = - (D'QD)-l  [GI 'P + D'QH] (A81 
The Lagrange m u l t i p l i e r  m a t r i x  P is found by so lv ing  t h e  matrix R i c c a t i  
equat ion  
- - ,., - 
A'P + PA - PEP + Q = 0 
where 
A = A - G1 [D'QDI'lD'QH 
E = GI [ D ' Q D l - l G i  ' 
Q = H'QH - H'QDID'QD]-lD'QH 
- 
I n s i g h t  i n t o  how to choose t h e  matrices H and D and weighting ma t r ix  Q 
can be ob ta ined  by examining t h e  preceding problem wi th  t h e  c o n s t r a i n t  
Reformatting t h e  problem by s u b s t i t u t i n g  equat ion  (A81 i n t o  equa t ion  (A4)  and 
s u b s t i t u t i n g  t h e  r e s u l t i n g  equa t ion  i n t o  equat ion  (A5) r e s u l t s  i n  
- -  
J - E(r l ' r 1  + u'Ru) (AI 4 )  
where 
When R is replaced by PR, where p is a scalar des ign  parameter, Harvey, 
S t e i n ,  and Doyle i n  r e f e r e n c e  10 have shown t h a t  as  p t ends  to zero ,  t h e  poles 




closed-loop t ransmiss ion  z e r o s  t h a t  have nega t ive  real parts or t h e  l e f t  ha l f -  
p l ane  mirror images of t h e  z e r o s  i n  t h e  r i g h t  ha l f -p lane ,  or (b) they  approach 
i n f i n i t y  i n  m u l t i p l e  Butterworth p a t t e r n s  wi th  d i f f e r e n t  growth rates. P a r t i -  
t i o n i n g  t h e  matrices H and D so t h a t  equa t ion  (A13) is v a l i d  allows the 
elements of t h e  Q ma t r ix  b i n d i v i d u a l l y  c o n t r o l  t h e  e f f e c t  of e i t h e r  equa- 
t i o n  (A15) or t h e  c o n t r o l  f u n c t i o n s  de f ined  by t h e  D matrix on t h e  design. 
Inc reas ing  the weight on a response  f u n c t i o n  (or c o n t r o l  func t ion )  r e s u l t s  i n  
t h e  rms of t h a t  func t ion  r e l a t i v e  to t h e  rms of t h e  o t h e r  f u n c t i o n s  to be 
lowered. By us ing  a set  of response func t ions ,  t h e  requirement of f i n d i n g  t h e  
proper weights on t h e  states is transformed i n t o  f i n d i n g  a smaller set of 
weights on t h e  response func t ions .  These response  f u n c t i o n s  may have c o n f l i c t -  
i n g  e f f e c t s  on each o t h e r ;  dec reas ing  one particular f u n c t i o n  may tend  to 
inc rease  t h e  response o f  o t h e r  func t ions .  By a d j u s t i n g  t h e  weights on t h e s e  
func t ions ,  t h e  performance of t h e  des ign  can  be  a d j u s t e d  u n t i l  a compromise 
s o l u t i o n  is obta ined  to t h e  c o n t r o l l e r  design. 
T h i s  formula t ion  of t h e  LQR problem has  t h r e e  advantages: 
(1)  The problem of  choosing t h e  q u a d r i c  weights is reduced to t h a t  of 
f i n d i n g  a smaller set of des ign  responses. These des ign  responses may be 
i n t u i t i v e  from t h e  des ign  o b j e c t i v e .  
(2 )  The weights on t h e  c o n t r o l s  R are chosen to r e g u l a t e  t h e  r e l a t i v e  
c o n t r o l  motion wi th  respect to each con t ro l :  t h a t  is, t h e  allowable maximum for 
c o n t r o l  u1 may be d i f f e r e n t  than t h e  allowable maximum f o r  c o n t r o l  u2. 
( 3 )  The scalar parameter p can be cons idered  a g a i n  adjustment.  As p 
t ends  to zero ,  t h e  elements of t he  ga in  matrix K i nc rease .  
- 
The des ign  c y c l e  c o n s i s t s  of forming a des ign  response r l ,  s e l e c t i n g  t h e  
r e l a t i v e  c o n t r o l  weights R ,  and so lv ing  equa t ions  (A8) and (A9) f o r  s e v e r a l  
va lues  of t h e  scalar parameter p. This des ign  c y c l e  is repeated u n t i l  t h e  
performance of t h e  system meets t h e  des ign  goa l s .  
Once t h e  des igner  is s a t i s f i e d  wi th  t h e  closed-loop performance of t h e  
system, an " incrementa l  g rad ien t "  procedure is used i n  t h e  second s t a g e  of t h e  
des ign  procedure t o  reduce t h e  f u l l - s t a t e  feedback c o n t r o l  system to a reduced 
state or r e a l i z a b l e  c o n t r o l  system. The f u l l - s t a t e  g a i n  ma t r ix  r e p r e s e n t s  t h e  
s t a r t i n g  p o i n t  f o r  t h e  " incrementa l  g rad ien t "  procedure and, t h e r e f o r e  , need 
no t  be c a l c u l a t e d  wi th  t h i s  procedure. The i n i t i a l  g a i n s  can be c a l c u l a t e d  
with any procedure as long as equat ion  (A5) is minimized and t h e  c o n t r o l  l a w  
is of t h e  form o f  equa t ion  ( A 4 ) .  
I n  t h e  incrementa l  g r a d i e n t  procedure, t h e  measurement g a i n s  are w r i t t e n  
as a func t ion  of a scalar parameter X so t h a t  
u = K*(X) x 
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APPENDIX 
By assuming M has maximal rank K* (1 ) is def ined  as 
K* ( 1 )  = K 1  ( 1 )  M + K 2  
where K1 (1 ) is def ined  as 
K1 (1 )  = KM' 
and K is t h e  f u l l - s t a t e  feedback mat r ix  from equat ion  (A4)  and 
The procedure determines t h e  ga in  f o r  u s e  i n  equat ion  ( A 1 7 )  as K*(X) which is 
obta ined  by g radua l ly  l e t t i n g  X move from = 1 to X = 0 while maintaining 
wi th  3 a quadratic performance index of t h e  form (A5) using the  c o n t r o l  law 
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TABLE I . -  NOISE PARAMETERS 
. _ _  
T, sec 
0.1 6 
0 .005  
0 .08  
0.16 
0.008 
- .. - -. 
I n t e n s i t y  
0.61 m/sec 
- _ _  _. 
0.3O 




R o o t  mean square 
1 . 0 8  m/sec 
3.00° 
1 . 2 5  deg/sec 
0.47g 
19 
TABLE 11.- FULL-STATE FEEDBACK GAINS 
6,' C' rad 
6 f i r c ,  rad 
6,' C' rad 
6 f O f c r  rad 
rad rad 4 rad rad rad 
"S ' as' 8,' 9s ' a, ' 
m/sec rad rad rad/sec 9 
-0.0010 2.054 0.1060 0.0668 0.0160 
-0.0006 1.777 0.0607 0.0382 0.0091 
0.0002 -0.3991 -0.0206 -0.0137 -0.0031 
-0.0001 0.2810 0.0145 0.0093 0.0022 
6,' C' rad -0.0012 2.366 0.1130 0.0762 0.0195 -0.0072 0.0342 -0.0079 
6 f i r C r  rad -0.0007 I 1.356 I 0.0647 0.0635 0.0112 -0.0041 0.0196 -0.0045 
~~ ~ 
6c,cl  rad 0.0002 -0.4599 -0.0220 -0.0115 -0.0038 0.0014 -0.0067 0.0015 
&for c, rad -0.0002 0.3238 0.01 55 0.01 05 0.0027 -0.001 0 0.0049 -0.001 7 




TABLE 1V.- GAINS DESIGNED FOR NOISE 
_. - 
a2 ' :;l - 1  razTkec . 9 
I 
0.12781 0.1440 -0.0038 
0.0733 0.0827 -0.0022 
-0.0251 -0.0301 0.0007 
















TABLE V.- GAINS DESIGNED FOR NOISE AND DELAY 
"S' 
m/sec 
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Desired closed-loop roots 
Closed-loop roots of basic gain 
Closed-loop roots of gains for noise 
Closed-loop roots of gains for noise delay 
A 
ril 
Figure 1.- Comparison of the roots of the characteristic equation for different 
design models. Note that high frequency roots are not shown. 
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Figure 3.- Root locus of full-state feedback design varying design parameter P .  
Smaller plot is for cross-hatched area. 
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(a) Response with basic 
gains - no noise. (c) Response with gains designed for noise - no noise. 
. 6 -  
L- -. 2 1 I I 1 
0 1. 50 3. 00 4. 50 6. 00 7. 50 0 1.50 3.00 4. 50 6. 00 7. 50 
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I 1 -  I .  L -  I I I I I I 
1.'50 3. 00 4.-50 6 0 0  7. hl 0 1.50 3.00 4.50 6 00 7. 50. -. 10 0 
Time, t, sec Time, t, sec 
(b) Response with basic gains - (d) Response with gains designed for 
noise on sensors. noise - noise on sensors. 
Figure 4.- Step response of pitch rate q and elevator position 6, 
to a -0.1-radian step in elevator command for control design with 
and without sensor noise in the design model. 
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Figure 5.- Design model for noisy measurements. 
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Figure 6.- zero-order hold with and without phase lead compensation. 
U 
r2 (measured outputs) 1-x-1 
~ - q = A sin(wt + @ )  RPRV - 
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(a) Continuous closed-loop frequency response. 
r 
ZOH 
q = A s i n  (ut +O) + Degrading effects 
r2 (measured outputs) 
D iscrete 
ZOH contro l  law 
i 1 
Discrete - Delay - 
contro l  law 
- 
(b) Discrete closed-loop frequency response. 
- 
q - A sin (wt + c D )  + Degrading effects be = s i n  (ut) 
I r (measured outputs) 1 2  
(c) Discrete closed-loop frequency response with delay. 
Figure 7.- Frequency response models used to compare different control laws. 
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Figure 8.- Comparison of the full-state feedback, basic gains, and gains designed for noise. 
w 
0 
I I I I 
.1 1. 0 10 100 







w, rad/ sec 
Figure 9.- Effect of the ZOH compensator on closed-loop response. 
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Figure 11.- Comparison of frequency response for design without delay model and 
for design with delay model. 
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